




????? k? ( k ≥ 2 )????????????? ni (ni ≥ 2 )????
yi = (yi1, yi2, . . . , yini)t (i = 1, 2, . . . , k) ?????????????????












(i = 1, 2, . . . , k) (1.1)
( β : (1× 1)?Ii : ni??????1i = (1, 1, . . . , 1)t (ni× 1) (i = 1, 2, . . . , k) )
??? (1.1)? k ???? σ2i (i = 1, 2, . . . , k) ?????????β ???
?????????????????????????????? β ????
????????????????????????????????????
Shinozaki (1978) ??k ?????? yi =
Pni
j=1 yij/ni (i = 1, 2, . . . , k) ?
????? (β ????? ) ???? yi (i = 1, 2, . . . , k) ?????????
???????????????????? (2005) ???? (1.1) ? (???
??????????)???????????Shinozaki (1978) ??????
???????????????????????????????????
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????????Shinozaki (1978)??? (2005) ??? β ?????????
????????????????????????????????????
????????????????????????????????????
k < +∞ ?? max1≤i≤k ni < +∞ ???????????????? β ??
????????????????????????????????
??? (1.1) ?????ni → +∞ ???? i ∈ {1, 2, . . . , k} ??????
??V (yi) → 0 ??????????? yi ? β ?????????????
?????????????????????????(max1≤i≤k ni < +∞
??) k → +∞ ???? (???? σ2i (i = 1, 2, . . . , k) ????????
?????? yi (i = 1, 2, . . . , k) ? β ???????????????)??
???????????????????????????Inoue (1999) ? yi
(i = 1, 2, . . . , k) ????????????????????????????
??????????? (k → +∞) ???????????????????
???????????????????????????????????
??????????????????????????




ni1ti (yi − β1i)
|| yi − β1i ||2
= 0




niwi1ti (yi − β1i)
|| yi − β1i ||2
= 0
?????????wi ∝ (ni − 2)/ni (i = 1, 2, . . . , k) ???????????
???????????????????????????? (k → +∞) ??
????????????????????????n1 = n2 = · · · = nk ??
???????????????wi ∝ (ni − 2)/ni (i = 1, 2, . . . , k) ?????
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????????????????????? ?????????
???????????????????????????????????
????? Shinozaki (1978) ???????????? Inoue (1999) ????
???????????????????????????
???????? (1.1) ??????????????????? β (p× 1)
????????????????????




(i = 1, 2, . . . , k), (1.2)
???yi (ni × 1) (i = 1, 2, . . . , k) ???????Xi (ni × p) (i = 1, 2, . . . , k)
????? 1i, ??? p ???????, σ2i (i = 1, 2, . . . , k) ???????
Ωi = (1 − ρi)Ii + ρi1i1ti ( ρi : ???? )(i = 1, 2, . . . , k) ?????????
ECm (µ, Σ) ???? µ, ???????? Σ ???????????????
??? (1.2) ???????????????????????Ωi = Ii
(i = 1, 2, . . . , k) ???????????? β ??????????????
Inoue (2003) ????????????????????????? Ωi = Ii
(i = 1, 2, . . . , k) ?????p = 1, Xi = 1i?ϵi ∼ N(0, σ2i Ii) (i = 1, 2, . . . , k)
?????????? (1.2) ? Neyman and Scott (1948) ??????? (1.1)
???????????? (1.2) ? Neyman and Scott (1948) ? Inoue (2003)
????????????????????????
2. ?????




|| yi −Xi bβc ||2 (i = 1, 2, . . . , k)















???Wi (i = 1, 2, . . . , k) ? ni?????????(2.1) ??????????
???? {bβc}c≥0 ???????????????????????
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|| yi −Xi bβc ||2
= 0






|| yi −Xi γk ||2
= 0 (2.2)
????Ψi(γk) = ni|| yi −Xi γk ||−2XtiWiΩ−1i (yi −Xiγk) (i = 1, 2, . . . , k)
????(2.2) ????
Pk
















(γk − β) (2.3)
???????DΨi(β) (i = 1, 2, . . . , k) ? γk = β ???? Ψi(γk) ????
???????????(2.3) ??????????




















Ψi(β) + op(k−1/2) (2.4)




√ni ??????? ni ?????? Ti (i = 1, 2, . . . , k) ???
a, b ???????????ni ????? Mi(a, b) ????????






1i1ti (i = 1, 2, . . . , k)
???????? Ωi ???? Ωi = Mi (1 + (ni − 1)ρi, 1− ρi) ????
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????????????????????? ????????
?? 2.2 ?? fi = T tiΩ
−1/2
















(i = 1, 2, . . . , k)

























fi ????????? bi = E
`
f2ij || ϵi ||−4
´
(j = 2, 3, . . . , ni) ???????










= {1 + (ni − 1)ρi} ai + (1− ρi)(ni − 1)bi
= ξiai + νi(ni − 1)bi (2.5)
???ξi = 1 + (ni − 1)ρi , νi = 1− ρi (i = 1, 2, . . . , k)?
?? 2.3 Ai ? ni ???????? (i = 1, 2, . . . , k)?????
Pk
i=1 ni ?
???? [Ai ] ????????
[Ai ] = block diag (A1, A2, . . . , Ak)
?? 2.4 Xi, σ2i , ni (i = 1, 2, . . . , k) ?????????




XtiXi ≤ c1Ip ( c0, c1: ???) (i = 1, 2, . . . , k)
(ii) s0 ≤ σ2i ≤ s1 ( s0, s1: ???) (i = 1, 2, . . . , k)
(iii) s+ 2 < ni ≤ n0 (n0?s (0 < s ≤ 4): ???) (i = 1, 2, . . . , k)
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??106
?? 2.5 ???? Wi (i = 1, 2, . . . , k) ?????????
(i) w0Ii ≤Wi ≤ w1Ii (w0, w1: ???) (i = 1, 2, . . . , k)
(ii) Wi = TiHiT ti (Hi: ????) (i = 1, 2, . . . , k)




1− ni(ni − 1− s)(ni − 1)2 + (ni − 1− s)
ﬀ
≤ ρi ≤ 1−
mi(t)ni
mi(t)(ni − 1) + 1
(i = 1, 2, . . . , k)
???0 < s, t ≤ 4, mi(t) =
„
1− tni − 1
«1/3
(i = 1, 2, . . . , k) ????
?? 2.7 ?????? ϵi (i = 1, 2, . . . , k) ?????????
sup
i≥1
E( || ϵi ||−δ ) < +∞ ( δ > 2 )
???? 2.8 qi/ξi (i = 1, 2, . . . , k) ?????? (i), (ii) ??????
(i) ρi < 0 ???
ni − s ≤
qi
ξi
≤ 1 + (ni − 1)
„
ni − 1
ni − 1− s
«3
(i = 1, 2, . . . , k)
(ii) ρi ≥ 0 ???
ni − t ≤
qi
ξi
≤ 1 + (ni − 1)
„
ni − 1
ni − 1− t
«1/3
(i = 1, 2, . . . , k)
(i) ??? g(ρi) = ξi/νi (i = 1, 2, . . . , k)?????g′(ρi) = ni/(1−ρi)2 > 0






1− ni(ni − 1− s)(ni − 1)2 + (ni − 1− s)
ﬀ«





≥ ni − 1− sni − 1
(i = 1, 2, . . . , k) (2.6)
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(i = 1, 2, . . . , k) (2.7)
(2.5), (2.6), (2.7) ????????
qi
ξi
= 1 + (ni − 1)
νibi
ξiai
≥ 1 + (ni − 1)
ξi
νi
≥ 1 + (ni − 1)
„
ni − 1− s
ni − 1
«
= ni − s ,
qi
ξi





≤ 1 + (ni − 1)
„
ni − 1
ni − 1− s
«3
(i = 1, 2, . . . , k).
(ii) ??? h(ρi) = (νi/ξi)3 (i = 1, 2, . . . , k) ?????
h′(ρi) = −3niξ−2i (νi/ξi)
2 < 0 (i = 1, 2, . . . , k) ??
h(ρi) ≥ h
„
1− mi(t)nimi(t)(ni − 1) + 1
«







≥ ni − 1− tni − 1






















(i = 1, 2, . . . , k) (2.9)
(2.5), (2.8), (2.9) ????????
qi
ξi
= 1 + (ni − 1)
νibi
ξiai





≥ 1 + (ni − 1)
„
ni − 1− t
ni − 1
«
= ni − t ,
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≤ 1 + (ni − 1)
ξi
νi
≤ 1 + (ni − 1)
„
ni − 1
ni − 1− t
«1/3
(i = 1, 2, . . . , k).
???? 2.9 ?? 2.6 ???? 1 ≤ s = t ≤ 4 ?????????? (i), (ii)
??????
(i) min {ai(qi − 2ξi), bi(ri − 2νi)} ≥
ni − s− 2
ni − s
E(|| ϵi ||−2)













(i = 1, 2, . . . , k)
(i) ??? ???? 2.8 ??????????
ai(qi − 2ξi) = q−1i (qi − 2ξi)E(|| ϵi ||
−2) = {1− 2(ξi/qi)}E(|| ϵi ||−2)
≥
„
1− 2ni − s
«
E(|| ϵi ||−2) (i = 1, 2, . . . , k)

















≤ ν−1i || ϵi ||
−2


















(i = 1, 2, . . . , k) (2.10)
???????????????
bi(ri − 2νi) = E(|| ϵi ||−2)− 2νibi ≥
„





1− 2ni − s
«
E(|| ϵi ||−2) (i = 1, 2, . . . , k) (2.11)
(ii) ??? (2.10) ??
ri
νi
= E(|| ϵi ||
−2)
νibi
≥ ni − 1 (i = 1, 2, . . . , k)





= bi(ri − 2νi)× {(ri/νi)− 2}
≥
„
1− 2ni − 1
«
E(|| ϵi ||−2)× (ni − 3)
= (ni − 3)
2
ni − 1
E(|| ϵi ||−2) ≥
(ni − s− 2)2
ni − s
E(|| ϵi ||−2)
???(i) ????? 2.8 ??????????
ai(qi − 2ξi)2
ξi
= ai(qi − 2ξi)× {(qi/ξi)− 2}
≥ ni − s− 2ni − s
E(|| ϵi ||−2)× (ni − s− 2)
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niXtiWiΩ−1i Mi ( ai(qi − 2ξi), bi(ri − 2νi) )Xi
(2.15)







? 2.9 (i) ??????????
WiΩ−1i Mi ( ai(qi − 2ξi), bi(ri − 2νi) )


























× Ω−1i ≥ d1Ii (2.16)










XtiXi ≥ c0d2 kIp ,
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≤ (c0d2)−1 × k−1Ip









Ψi(β) d−→ N(0, Ip) (k → +∞)
???Vw = U−11w U2wU
−1
1w , U1w = −
Pk































´−1 ≤ d1k−1Ip (2.17)
???W = [Wi ]?C = [Ci ] =
ˆ






Xt1, Xt2, . . . , Xtk
´t
????











≥ n2iw20 ×Mi( aiξ−1i , biν
−1
i )

















Ii ≥ d2Ii (i = 1, 2, . . . , k)
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??112
???????????U2w = XtWCWX ≥ d2XtX ≥ d2c0 kIp?????
(2.17) ??????
???
|| ιk || = O(k−1/2) (2.18)
???????????
???B = [Bi ] =
ˆ
niΩ−1i Mi(ai(qi − 2ξi), bi(ri − 2νi)
˜
?????



















??????????U1w = XtWBX ≤ (w1d3)XtX ≤ (w1d3c1) kIp ???
???????????? 2.10 ????????
d4 kIp ≤ U1w ≤ d5 kIp (2.19)
??????(2.17), (2.19) ????????????
|| ιk ||2 = ιt V −1/2w U−21w V
−1/2
w ι ≤ ιtV −1/2w × d−24 k
−2Ip × V −1/2w ι
= d−24 k
−2 ` ιt V −1w ι
´
= d−24 k
−2 ` ιt U1wU−12w U1w ι
´
≤ d−24 d1k




























nδi || ιk ||δ ||XtiWiΩ−1i ||
δ E(|| ϵi ||−δ)
≤ d6 × k1−(δ/2) × sup
i≥1
E(|| fi ||−δ)






















= ιt V −1/2w VwV −1/2w ι = ιtι = 1 (2.21)
(2.20), (2.21) ????Lyapunov ???????????????????
??? 2.11 ?????????
3. ????
?? 3.1 ????? (2.2) ?? γk ????????????????
V −1/2w (γk − β)
d−→ N(0, Ip) (k → +∞)
?? (2.4) ??




Ψi(β) + op(1) (k → +∞)
?????????????? 2.11 ????? Slutsky ??????????
?????????V −1/2w (γk − β) ??? 0???????? Ip ??????
???????
?? 3.1 ???????? (2.2) ?? γk ???????????????
?????????? Wi (i = 1, 2, . . . , k) ?????????γk ?????
?????????????????
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??114
??????Wi (i = 1, 2, . . . , k) ? γk ??????????? γk ? β ?
???????????????????????????????????
???????????



































































(i) ??? D = [Di ] = [BiC−1i Bi ]?G = [Gi ] = [WiCiB
−1
i ]?
Z = [D1/2i ]X ?????? D, G, Z ??????
U1w = Xt[WiBi ]X = Xt[GiDi ]X = ZtGZ,
U2w = Xt[WiCiWi ]X = Xt[GiDiGi ]X = Zt[G2i ]Z = ZtG2 Z,
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× niΩ−1i Mi (ai(qi − 2ξi), bi(ri − 2νi))
= Mi
`




























?? V −1opt ≥ V −1w ????? Vw ≥ Vopt ???????????????
W = Wopt = BC−1 =
ˆ




(ii) ??? ???? 2.9 (ii) ???
Mi
`





ai(qi − 2ξi)2ξ−1i , bi(ri − 2νi)
2ν−1i
´
≥ (ni − s− 2)
2
ni − s
E(|| ϵi ||−2) Ii (i = 1, 2, . . . , k)
????????????? 3.2 (i) ????????????




= n−1i E(|| fi ||
−2), qi = ri =
E(|| fi ||−2)/
˘
n−1i E(|| fi ||
−2)
¯
= ni , ξi = 1+(ni−1)×0 = 1, νi = 1−0 = 1
(i = 1, 2, . . . , k) ??????Wopt , Vopt ???????????????
Wopt =
ˆ












(ni − 2)2n−1i E(|| fi ||







(ni − 2)2n−1i E(|| fi ||
−2)XtiXi
)−1
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??116
?? 3.2 ?????????????????




(2.2) ????? W ???????????????????????????
?????????????????????????
????? 2.6 ???????????????s ???????????
??ρi (i = 1, 2, . . . , k) ? 0 ??????(ii) ???? Vopt ????????
??s ???????? ρi (i = 1, 2, . . . , k) ???????????Vopt ???
?????????????????????????????????? β
?????? (2.2) ?? γk ?????????????????
????
Inoue, K. (1999). Asymptotic improvement of the Graybill-Deal estimator. Comm.
Statist. Theory Methods 28, No.2, pp.388–407.
Inoue, K. (2003). Iterative weighted least-squares estimates in a heteroscedastic
linear regression model. J. Statist. Plann. Inference 110, 1-2, pp.133–146.
?? (2005). ????????????????????????. ??????, 118,
pp.183–194.
Neyman, J. and Scott, E. L. (1948). Consistent estimates based on partially con-
sistent observations, Econometrica, 16, pp.1–32.
Shinozaki, N. (1978). A note on estimating the common mean of k normal distribu-
tion and Stein problem, Commun. Statist.-Theory Methods A7(15), pp.1421–
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